The magnetic susceptibility of the QCD vacuum is analyzed in the framework of a nonlocal SU(3) Polyakov-Nambu-Jona-Lasinio model. Considering two different model parametrizations, we estimate the values of the u and s-quark tensor coefficients and magnetic susceptibilities and then we extend the analysis to finite temperature systems. Our numerical results are compared to those obtained in other theoretical approaches and in lattice QCD calculations.
I. INTRODUCTION
One of the most interesting features of quantum chromodynamics (QCD) is the nontrivial structure of its vacuum. This is clearly reflected on the vacuum expectation values of scalar quark condensates ψ f ψ f , which do not vanish at zero temperature and density. Light quark condensates are usually taken as order parameters related to the spontaneous breakdown of chiral symmetry, which can be regarded as one of the most important aspects of low energy strong interaction physics. Now, in order to get a more profound knowledge of the QCD vacuum it is interesting to study hadronic systems in the presence of external sources. In particular, it is seen that a constant external electromagnetic field induces the existence of other nonvanishing condensates, which describe the response of the vacuum to the source. We will concentrate here in the vacuum expectation value (VEV) of the tensor polarization operator ψ σ µν ψ , where σ µν = i[γ µ , γ ν ]/2 is the relativistic spin operator. In general, to leading order in the external field, for each quark flavor f one has
where F µν is the field strength tensor, q f is the quark electric charge and τ f is the so-called tensor coefficient. The subindex A indicates that the VEV is taken in the presence of an external electromagnetic field A µ . It is also usual to introduce the parameters χ f , defined by
In the literature χ f is frequently referred to as the magnetic susceptibility of the quark condensate, for a quark of flavor f . However, notice that it only constitutes the spin contribution to the total magnetic susceptibility. The quantity χ f was first introduced in the context of QCD sum rules [1] . Later it was noted that it is also relevant for the analysis of the muon anomalous magnetic moment [2] and for the description of several processes involving real photons, such as dijet production [3] and radiative decays [4] [5] [6] [7] .
Previous calculations of τ f and/or χ f for light and strange quark flavors have been carried out using QCD sum rules [8] [9] [10] , in the holographic approach [11, 12] , using the operator product expansion in the instanton liquid model and chiral effective models [13] [14] [15] , using zero-modes of the Dirac operator [16] , and in low-energy models of QCD such as the quark-meson model and the Nambu-Jona-Lasinio (NJL) model [17] . In addition, results from three-flavor lattice QCD (LQCD) simulations have become available recently [18] . These include not only estimates at zero temperature but also at temperatures in the region of the chiral crossover transition. This has motivated the corresponding analysis carried out in Ref. [19] within an effective SU(2) chiral effective model. The aim of the present work is to extend these studies further by considering the so-called nonlocal Polyakov-Nambu-Jona-Lasinio (nlPNJL) models [20] [21] [22] [23] [24] , in which quarks move in a background color field and interact among themselves through covariant nonlocal chirally symmetric four-point couplings. These approaches, which can be considered as improvements over the (local) PNJL model [25] [26] [27] [28] [29] [30] [31] , offer a common framework to study both the chiral restoration and deconfinement transitions. In fact, the nonlocal character of the interactions arises naturally in the context of several successful approaches to low-energy quark dynamics [32, 33] . Moreover, the presence of nonlocal form factors leads to a momentum dependence in light quark propagators that, under an appropriate choice of parameters [34, 35] , is shown to be consistent with the corresponding LQCD results [36] [37] [38] .
The article is organized as follows. As stated, we consider here a three-flavor nonlocal Nambu-Jona-Lasinio (nlNJL) model [39, 40] .
We will work in Euclidean space, where the corresponding action is given by
Here
is the current quark mass matrix. We consider the isospin symmetry limit, assuming m u = m d . The model includes flavor mixing through the 't Hooft-like term driven by the coupling constant H, in which the SU(3) symmetric constants A abc are defined by
where λ a , a = 0, . . . , 8, are the standard eight Gell-Mann matrices plus λ 0 = 2/3 1 3×3 . The fermion currents in Eq. (3) are given by
where G(z) and F(z) are covariant form factors responsible for the nonlocal character of the interactions. Notice that the relative weight of the interaction term that includes the currents j r (x) is controlled by the parameter κ. This coupling leads to quark wave function renormalization
In what follows we will work within the mean field approximation (MFA). In momentum space, the effective quark propagators can be expressed as
where f = u, d, s is the corresponding quark flavor, and M f (p) and Z(p) stand for the (momentum dependent) effective mass and WFR, respectively. These are given by
where the functions g(p) and f (p) are the Fourier transforms of G(z) and F(z), whileσ f andζ are mean field values of scalar fields associated with the currents in Eq. (5), in a flavor basis. Details of the procedure to obtain these quantities are given in Appendix A.
Let us consider in this framework the tensor polarization operator. In the presence of an electromagnetic field A µ , the vacuum expectation value of this operator at the leading order in A µ is given by
where Γ f α (p, p ′ ) stands for the effective quark-photon vertex, and the trace is taken over Dirac and color indices. If the external magnetic field is spatially uniform, the electromagnetic field can be written as A µ (x) = (−1/2)F µν x ν , therefore in momentum space one has
In order to determine the couplings of dressed quarks to the electromagnetic field, one has to take into account that within the present nlNJL model the inclusion of gauge interactions implies not only a change in the kinetic terms in the Lagrangian (through the usual covariant derivative) but also a parallel transport of the fermion fields entering the nonlocal currents in Eq. (5). As discussed in Ref. [35] , the effective quark-photon vertex can be written as
where
f (p, p ′ ) and ν (2) (p, p ′ ) arise from the parallel transport of fermion fields, which involves an integral over an arbitrary path [41] . The result in Eqs. (10) (11) corresponds to the choice of a straight line path.
Then, taking into account the definition in Eq. (1), from Eqs. (8) (9) (10) (11) ) the tensor coefficient is found to be given by
where M ′ f ≡ dM f /dp 2 . Notice that this result does not depend on the functions ν
f (p, p ′ ) and ν (2) (p, p ′ ), i.e. on the arbitrary path chosen for the gauge transformation carried out on fermion fields. It is also worth noticing that for finite current quark masses the integral in Eq. (12) is ultraviolet divergent, thus it has to be regularized. This can be accomplished by subtracting the corresponding value in the absence of interactions (see the discussion in Appendix B).
B. Extension to finite temperature
We will extend the analysis of the SU(3) f nlNJL model introduced in the previous section to a system at finite temperature by using the standard Matsubara formalism. In addition, in order to account for confinement effects, we will include the coupling of fermions to the Polyakov loop (PL), assuming that quarks move on a constant color background field φ = ig δ µ0 G Polyakov loop is expected to be a real quantity, and φ 3 and φ 8 are assumed to be real valued [29] , one has φ 8 = 0, Φ = [1 + 2 cos(φ 3 /T )]/3. In addition, we include effective gauge field self-interactions through a Polyakov-loop potential U [Φ]. The resulting scheme is usually denoted as a nonlocal Polyakov-Nambu-Jona-Lasinio (nlPNJL) model [20] [21] [22] [23] [24] .
Concerning the PL potential, its functional form is usually based on properties of pure gauge QCD. In this work we consider three alternative forms that have been proposed in the literature.
One possible ansatz is that based on the logarithmic expression of the Haar measure associated with the SU(3) color group integration. The corresponding potential is given by [29] U log (Φ, T )
The parameters in these equations can be fitted to pure gauge lattice QCD calculations so as to properly reproduce the corresponding equation of state and Polyakov loop behavior. This leads to [29] a 0 = 3.51 ,
The values of a i and b i are constrained by the condition of reaching the Stefan-Boltzmann limit at T → ∞ and by imposing the presence of a first-order phase transition at T 0 , which is a further parameter of the model. In the absence of dynamical quarks, from lattice calculations one expects a deconfinement temperature T 0 = 270 MeV. However, it has been argued that in the presence of light dynamical quarks this temperature scale should be adequately reduced to about 210 and 190 MeV for the case of two and three flavors, respectively, with an uncertainty of about 30 MeV [43] .
Besides the logarithmic form in Eq. (13), a widely used potential is that given by a polynomial function based on a Ginzburg-Landau ansatz [28, 44] :
Here the reference temperature T 0 plays the same role as in the logarithmic potential in Eq. (13).
Once again, the parameters can be fitted to pure gauge lattice QCD results so as to reproduce the corresponding equation of state and Polyakov loop behavior. Numerical values can be found in
Ref. [28] .
Finally, we consider the so-called "improved" Polyakov loop potentials recently proposed in
Ref. [45] , in which the full QCD potential U glue is related to a Yang-Mills potential U YM :
where t YM (t glue ) = 0.57 t glue = 0.57
The dependence of the Yang-Mills potential on the Polyakov loop Φ and the temperature T Y M is taken from an ansatz such as those in Eq. (13) or (16), while for T glue c a preferred value of 210 MeV is obtained [45] .
Once the form of the effective action is established, the vacuum expectation value of the tensor polarization operator at finite temperature can be obtained by following a similar procedure as the one described in the previous subsection. One gets
where p 2 nc = [(2n + 1)πT + φ c ] 2 + p 2 , and φ c is given by the relation φ = diag(φ r , φ g , φ b ) = diag(φ 3 , −φ 3 , 0). In general, as in case of the T = 0 expression in Eq. (12), it is seen that the integral in Eq. (20) is ultraviolet divergent. We regularize it by subtracting the T = 0 divergent piece, which is equivalent to subtract a "free" contribution obtained from Eq. (20) in the limit σ u,s =ζ = 0, and add this contribution written in a regularized form. Details are given in Appendix B.
C. Model parameters and form factors
In order to fully specify the model under consideration we need to fix the value of the five parameters it includes, namely the current quark masses m u,s and the coupling constants G, H, and κ. In addition, one has to specify the form factors F(z) and G(z) entering the nonlocal fermion currents [or, equivalently, the corresponding Fourier transforms f (p) and g(p)]. Given the form factor functions, one can fix the model parameters so as to reproduce the observed meson phenomenology. Here, following Ref. [40] , we will consider two parametrizations, corresponding to two different functional forms for f (p) and g(p). The first one corresponds to the often used exponential behaviors
which guarantee a fast ultraviolet convergence of the loop integrals. Note that the range of the nonlocality in each channel is determined by the parameters Λ 0 and Λ 1 , which can be viewed as effective momentum cutoffs. In order to fix the parameters we have required the model to reproduce the phenomenological values of five physical quantities, namely the masses of the pseudoscalar mesons π, K and η ′ , the pion weak decay constant f π and the light quark condensate ψ u ψ u . In addition, on the basis of lattice QCD estimations [37] , we have fixed the value of the quark WFR at zero momentum to be Z(0) = 0.7.
The second parametrization considered here is based on the analysis in Ref. [36] , in which the effective mass M u (p) is written as
From Eqs. (7) one has α m = (m uζ /κ +σ u )/(1 −ζ/κ). For the wave function renormalization we use the parametrization [34, 35] 
Here the new parameter α z is given by α z = −ζ/(κ −ζ). The functions f (p) and g(p) can be now easily obtained from Eqs. (7), (22) and (24) . As shown in Refs. [34, 40] , for an adequate choice of parameters these functional forms can reproduce very well the momentum dependence of quark mass and WFR obtained in lattice calculations. We complete the model parameter fixing by taking as phenomenological inputs the values the of the pion, kaon and η ′ masses and the pion weak decay constant.
In Table I we quote the numerical values for the model parameters that we have obtained for the above-described form factor functions. In what follows, the parametrizations corresponding to Eqs. (21) and (22) (23) (24) (25) will be referred to as parametrizations PI and PII, respectively.
III. NUMERICAL RESULTS
Given the model parametrization we can solve the set of equations (A.3) and (A.4), which allow us to obtain the mean field valuesσ u,s andζ at zero temperature, as described in App. In addition, for both parametrizations the values obtained for the u−tensor coefficient are found to be in very good agreement with the LQCD estimate. In the case of the light quark magnetic susceptibility we find some discrepancy between the results for PI and PII, which turn out to be above and below the LQCD estimate, respectively. The discrepancy can be explained by noting that the values for the light quark condensates for both parametrizations are also significantly different. In fact, this difference arises basically from the fact that for PI we have taken as input the phenomenological value − ψ u ψ u 1/3 = 240 MeV, which corresponds to a renormalization scale of about 1 GeV, while PII has been obtained through a fit to lattice data in Ref. [37] for the effective quark propagator, which correspond to a higher momentum scale of 3 GeV. Regarding the s−tensor coefficient, we find that its value is more dependent on the chosen parametrization than in the case of τ u . When comparing with the quoted results of other models, it is seen that the prediction obtained from PII is the closest one to LQCD. In any case, it is important to point out that in general the various theoretical scenarios leading to the results presented in Table II consider different renormalization scales, therefore the comparison of numerical values should be taken with some care. Moreover, in the case of the predictions obtained within the local NJL model it is seen that the results are rather dependent on the calculation scheme. This is discussed in App. C, where we compare the values for τ u arising from different regularization approaches. For comparison we include in Table II the results given by the calculation in Ref. [17] and those arising from an alternative approach that we refer to as "weak field propagator expansion" (WFPE), in which we have used the SU(3) f NJL parametrization given in Ref. [47] . Let us now study the temperature dependence of the tensor coefficient in the various possible scenarios available for the parametrizations and Polyakov loop potentials discussed in the previous section. Our results for τ u as a function of the temperature, using the regularization prescription discussed in App. B, are presented in Fig. 1 . If the temperature is increased starting from T = 0, for all cases under consideration it is seen that the tensor coefficient remains approximately constant up to some critical temperature, and then one finds a sudden drop, which is a signature of the restoration of the SU(2) chiral symmetry. Therefore, τ u may be regarded as an approximate order parameter for the chiral restoration transition. In the upper panel of Fig. 1 Moreover, we observe that at temperatures above the transition region the shape of the curves obtained within our model are in reasonable agreement with lattice calculations. On the other hand, the onset of the transition within nlPNJL models is found to be rather steep, thus the curve arising from the ILM seems to be more compatible with lattice results right below the critical temperature. In fact, this discrepancy between nlPNJL and LQCD estimates may be cured once the mesonic fluctuations are included in the Euclidean action [20, 22, 24, 48] . This can be understood by noting that when the temperature is increased the light mesons should be excited before the quarks, and this would soften the behavior of the tensor coefficient at the onset of the transition. It is important to mention that the incorporation of mesonic corrections should not modify the critical temperatures. The graph shows that whereas different PL potentials give rise to different shapes for τ u (T ) at temperatures below the chiral transition, once the transition is surpassed the functions converge to a single curve that is in agreement with lattice estimates. In general it is seen that for the polynomial potentials the transition is smoother than in the case of the logarithmic ones, for which the transition is found to be of first order. Furthermore, for the improved potentials the curves tend to be smoother and the agreement with lattice results starts to occur already at the transition temperature. These general features on the comparison between the results of nlPNJL models and LQCD have also been observed within the study of chiral restoration, taking (as it is usually done) the quark condensates as order parameters of the transition [40] .
Finally, let us briefly discuss our results for the s-quark tensor coefficient and for other possible regularization prescriptions for τ u (T ) and τ s (T ). As stated, the results in Fig. 1 correspond to the prescription introduced in App. B, which is consistent with the usual regularization carried out at zero temperature. However, it may be argued that there are other possible regularization procedures. One possible option is to define tensor coefficients τ
by taking the expression in Eq. (B.2) without the addition of the free regularized terms, i.e. τ
This means to keep just the contribution of strong interaction dynamics to the tensor coefficients, hence in the limit of large temperatures one gets τ
(T ) → 0 instead of the asymptotic free quark system behavior given by Eq. (B.5). Furthermore, another way to get rid of the free quark contribution at high temperatures is to define a "subtracted tensor coefficient" τ sub as
which by construction also vanishes at large T [see Eq. (B.5)].
The curves corresponding to τ 
IV. SUMMARY AND CONCLUSIONS
In this work we have investigated the magnetic susceptibility of the QCD vacuum in the framework of a nonlocal SU(3) Polyakov-Nambu-Jona-Lasinio model. For the the corresponding u-quark magnetic susceptibilities we find some discrepancy between the results arising from our parametrizations I and II. This can be understood by noting that the values for the respective chiral condensates are also different to each other, which, in turn, is related to the fact that the parametrizations correspond to different momentum scales. In the case of the s-quark quantities our predictions turn out to be in general more dependent on the chosen parametrization.
It should be noticed that lattice QCD estimates are also subject to larger uncertainties in this case.
Concerning the results at finite temperature we find that the tensor coefficient τ u remains approximately constant up to a critical temperature, at which there is a sudden drop that can be clearly identified with the restoration of the SU(2) chiral symmetry. The curves are found to be similar for different regularization prescriptions. The stability observed at low temperatures differs from the behavior predicted in the context of the instanton liquid model, which shows a noticeable bump in that region. As occurs for other quantities (e.g. the scalar quark condensates) in the framework of nlPNJL models at the mean field level, we notice that at the onset of the chiral transition the behavior of the tensor coefficient is rather steep in comparison with lattice QCD
estimates. This discrepancy is expected to be cured once meson fluctuations are included in the calculation. In any case, these corrections should not modify the behavior of the tensor coefficient above the transition, which is found to be in good agreement with lattice QCD results.
to recover the proper finite T behavior at large T , we add this contribution after subtracting the where S (A)
f (x, x ′ ) is the f -quark propagator (in coordinate space) in the presence of an external electromagnetic field A µ . For the particular case of a constant magnetic field B this propagator can be explicitly obtained. Within Ritus formalism, choosing B to be along the z axis, one has
1 (2π) 4 dp 0 dp 2 dp 3 
where E P (x) stands for the eigenfunction of a charged fermion of momentum P µ in the magnetic field, andĒ P (x) = γ 0 E P (x) † γ 0 . The index k in the sum labels the Landau levels (LL), while Λ k is a projector in Dirac space that takes into account the LL degeneracy. The four-momentum P µ is quantized according to
where q f denotes the quark electric charge. Replacing the propagator in Eq. (C.2) into Eq. (C.1), a straightforward calculation shows that for our choice of magnetic field orientation the 12 component of the tensor is the only one that has a nonvanishing VEV. One has ψ f σ 12 ψ f A,Rit = N c q f B 2 dp 0 dp
where the integral over p 2 has been performed. It is worth noticing that only the lowest LL (i.e. that corresponding to k = 0) contributes to this VEV. Now, this expression is divergent and needs to be regularized. In Ref. [17] this has been achieved by introducing at this stage a cutoff function U Λ (| p|) that depends only on the spatial components of the momentum, Λ being a (three-momentum) cutoff scale. Following this procedure and performing the integral over p 0 one immediately obtains the expression in Eq. (17) of Ref. [17] . Expanding up to leading order in B, and noting that F 12 = −B, one gets within this method an explicit expression for τ f , namely
In Ref. [17] the particular form
was used for numerical calculations. Alternatively, one can use a simple sharp cutoff function
, which leads to
(we have included the upper index SC to stress that it corresponds to the particular case in which
Let us consider now an alternative way to proceed based on the so-called Schwinger proper-time representation of the fermion propagator [50] . As expected, once again it is seen that only the VEV of the 12 component of the tensor is nonvanishing. In this case one gets for this VEV the expression
which as in the previous case needs to be regularized. As is customary when one uses the propertime approach, we perform the regularization by replacing the lower limit of the integral by 1/Λ 2 .
Expanding up to leading order in B we get in this way
Finally, a yet alternative way to proceed is to follow the steps discussed in Sec. II.A, in which we consider from the beginning the expansion of the tensor operator at first order in powers of the magnetic field [see Eq. (8)], ending up with Eq. (12) . We refer to this approach as "weak field
propagator expansion" (WFPE). In the case of the NJL model one has (in Minkowski space)
(C.12)
It is important to stress that this expression can also be obtained by considering the weak field limit of the fermion propagator in a constant magnetic field given e.g. in Refs. [46, 51] . As stated in Ref. [46] , it is crucial to carry out the infinite sum over Landau levels in order to obtain the proper form of the propagator. Contrary to the case of the nonlocal model discussed throughout Sect. II, the integral in Eq. (C.12) turns out to be divergent even in the chiral limit. By using a 3D sharp cutoff regularization one finds Table III : Numerical values for the tensor coefficient τ u in the SU(2) NJL model value given in Ref. [17] , which has been quoted in Table II , and it is also coincident with the result obtained within the Ritus approach for a sharp cutoff regularization function. On the other hand, this value is significantly different from those obtained following the Schwinger and WFPE approaches. This shows that the results for the tensor coefficient obtained within the local NJL model are quite dependent on the chosen regularization method, and have to be taken with care.
In order to understand the origin of this dependence, it is interesting to compare with some detail the functions I(x) defined above. Since the cutoff Λ is expected to be larger than other scales in the problem, we can expand these functions for small values of x. We get where γ is the Euler constant. As expected, all expressions have the same leading logarithmic contribution in the limit of small x, therefore the corresponding predictions for the tensor coefficient will be similar for M f /Λ ≪ 1. However, for realistic values of this ratio, the constant terms and the contributions carrying powers of x become relevant. The differences between these terms shown in
Eqs. (C.15) explain the differences between the numerical results in Table III. [ 
